It is well known that the Schwarzschild solution describes the gravitational field outside compact spherically symmetric mass distribution in General Relativity. In particular, it describes the gravitational field outside a point particle. Nevertheless, what is the exact solution of Einstein's equations with δ-type source corresponding to a point particle is not known. In the present paper, we prove that the Schwarzschild solution in isotropic coordinates is the asymptotically flat static spherically symmetric solution of Einstein's equations with δ-type energy-momentum tensor corresponding to a point particle. Solution of Einstein's equations is understood in the generalized sense after integration with a test function. Metric components are locally integrable functions for which nonlinear Einstein's equations are mathematically defined. The Schwarzschild solution in isotropic coordinates is locally isometric to the Schwarzschild solution in Schwarzschild coordinates but differs essentially globally. It is topologically trivial neglecting the world line of a point particle. Gravity attraction at large distances is replaced by repulsion at the particle neighborhood.
Introduction
In this article, we consider the classic problem: find the gravitational field which is produced by a point massive particle. If particle is at rest, then the gravitational field is spherically symmetric and static. The spherically symmetric solution of the vacuum Einstein's equations is well known: it is the Schwarzschild solution [1] . Therefore, it is often stated that the Schwarzschild solution (in the Schwarzschild coordinates) describes gravitational field of a point particle. This statement is incorrect because there is no δ-type energy-momentum tensor corresponding to a particle on the right hand side of Einstein's equations.
On the other hand, the solution of Einstein's equations outside point massive particle must be isometric to the Schwarzschild solution. Therefore the natural question arises: "Where is the δ-function ?". The answer turned out to be unexpected: δ-function corresponds to infinite value of the Schwarzschild radial coordinate. Namely, we prove in this paper, that the Schwarzschild solution in isotropic coordinates is the solution of Einstein's equations in a topologically trivial space-time R 4 with δ-type source. The solution is understood in the generalized sense after integration with a test function. At the same time, the metric components are locally integrable functions for which the nonlinear Einstein's equations are mathematically defined.
Note that the Schwarzschild solution in Schwarzschild coordinates is locally isometric to the Schwarzschild solution in isotropic coordinates. Nevertheless global structure of space-time is totally different. The maximal extension of space-time along geodesics for the Schwarzschild solution in Schwarzschild coordinates is the topologically nontrivial manifold which is equal to the topological product of the well known Carter-Penrose diagram with the sphere. This maximally extended solution describes white and black holes and is not related to the gravitational field of a point particle. At the same time the Schwarzschild solution in isotropic coordinates corresponds to the topologically trivial space-time.
Severe mathematical difficulties arise during solution of this problem. A solution of Einstein's equations must be understood in a generalized sense after integration with test functions because the δ-function stands on the right hand side. But there is no multiplication in the space of generalized functions (distributions) and the question arises what is the mathematical meaning of the left hand side of Einstein's equations which are nonlinear. Besides, locally nonintegrable functions arise during solution of equations, and some functionals must be attributed to them. In other words, regularization is needed. In the preset paper, the solution of Einstein's equations is found in a generalized sense: the equations are satisfied after integration with test functions. We choose the usual space D(R 3 ) of infinitely differentiable functions on R 3 with compact support as the space of test functions. Metric components for the obtained solution are locally integrable functions and therefore belong to the conjugate space D ′ (R 3 ). Though no multiplication is defined in D ′ , the left hand side of Einstein's equations is well defined for the derived solution. Here we use the analytic regularization for exponential spherically symmetric functionals.
The obtained solution turned out to be the well known Schwarzschild solution in isotropic coordinates. It appears after gluing together two exterior solutions of a black hole along the horizon. This solution is isometric to Einstein-Rosen bridge and is asymptotically flat not only at large distances but near the particle itself where the curvature of space-time tends also to zero (gravitational asymptotic freedom). At large distances, the gravitational field is attractive. Under the horizon attraction changes to repulsion. This repulsion results in geodesic completeness of space-time near the particle.
Attempts to interpret the Schwarzschild solution in terms of generalized functions were made earlier [2] [3] [4] [5] [6] . Papers [2] [3] [4] are related to our approach and discussed in some detail in Section 3. In reference [5] , the energy-momentum tensor of matter was taken to have spherically symmetric Gaussian distribution around the origin of the coordinate system, and exact solution to Einstein's equation is found. In the limit of zero distribution radius, the energy-momentum tensor is proportional to the δ-function. This energymomentum tensor differs from that in our paper and does not correspond to a point particle. Another approach was adopted in [6] . Roughly speaking, the Schwarzschild sphere was shrank to a point. The energy-momentum tensor was shown to be proportional to the δ-function at this point in a sense of a distribution, though not all Einstein's equations were actually solved. Again, the energy-momentum tensor is different from ours. The authors of [7] regularized the Schwarzschild metric in Schwarzschild coordinates.
Afterwards they calculated the energy momentum tensor and take off the regularization. The resulting energy-momentum tensor is proportional to the δ-function located at the origin. In this case, the energy-momentum tensor also differs from ours.
Point mass in General Relativity
Let us consider topologically trivial manifold M ≈ R 4 (space-time) with Cartesian coordinates x α , α = 0, 1, 2, 3, and metric g αβ (x) of Lorentzian signature sign g αβ = (+ − −−). We denote the world line of a point particle by {q α (τ )} where τ is a parameter along the world line. We use the following notations for geometric notions:
where Γ αβ γ are Christoffel's symbols, R αβγ δ is the curvature tensor, R αβ is the Ricci tensor, and R is the scalar curvature.
In General Relativity, a point particle of mass M is described by the following action
where g := det g αβ andq := dq/dτ . Variations of action (5) with respect to metric components g αβ and coordinates of a particle q α yield Einstein's equations of motion and equations for extremals (geodesics):
where
is the particle energy-momentum tensor,q α :=q β g βα , and
is the three-dimensional δ-function on sections x 0 = const. We assume that for particle trajectoryq 0 = 0. To analyze system of equations (6)- (7), we rewrite it in the Hamiltonian form. To this end, the ADM parameterization of the metric is used
where g µν is the metric on space like sections of the space-time x 0 = const. In this parameterization, 4 functions: the lapse function N(x) and shift functions N µ (x), are introduced instead 4 components g 00 and g 0µ of the metric. Here we use notation N ρ := g ρµ N µ whereĝ ρµ is the 3 × 3 matrix which is inverse to g µν :
In what follows, raising of space indexes which are denoted by Greek letters from the middle of the alphabet (µ, ν, . . . = 1, 2, 3) is performed using the inverse three-dimensional metric marked with a hat. We assume that all sections x 0 = const are space like, and therefore the metric g µν is negative definite.
Let p µν and p α be momenta conjugate to generalized coordinates g µν and q α . The action for a point particle is invariant with respect to reparameterization of the world line. To simplify formulae, we fix the gauge τ = q 0 . Then Einstein's equations (6) in the Hamiltonian form reduce to constraint and dynamical equations. Constraints have the form
whereê := | det g µν |,p 2 :=ĝ µν p µ p ν ,R is the three dimensional scalar curvature for metric g µν , and∇ µ is the three dimensional covariant derivative. Constraints (10) and (11) are called dynamical and kinematical, respectively. Dynamical Hamiltonian Einstein's equations arė
where△ :=∇ µ∇ µ is the three-dimensional Laplace-Beltrami operator, p := p µν g µν , and p µ :=ĝ µν p ν . Hamiltonian equations for geodesic have the forṁ
Transition from Lagrangian equations of motion (6), (7) to Hamiltonian (10)- (15) is complicated. Hamiltonian formulation of General Relativity was given in [8, 4] . For General Relativity and a point particle it can be found i.e. in [9] . Combined Hamiltonian system of equations of motion for a point particle in General Relativity was considered in [3, 10] . Now we are prepared to solve the full system of equations (10)- (15) for a point particle at rest. We assume that the particle is located at the origin of the coordinate system:
We are seeking spherically symmetric static solution of the system of equations of motion (10)- (15) . In this case, the coordinate system can be chosen in such a way that shift functions are zero, N µ = 0. We choose also the Weyl flat gauge for the spatial metric
where δ µν := diag (+ + +) is the Euclidean metric and f = f
In the static case, all momenta vanish: p µν = 0 and p µ = 0. Derivativesġ µν = 0 are also zero. Thus there are two unknown functions in this case which depend only on radius in spherical coordinates: N(r) and f (r).
If the above assumptions are fulfilled then equations (11), (12), and (14) are identically satisfied. Equations (10), (13), and (15) take the form
where we divided equation (15) by M.
It is important that equation (18) can not be divided byê, and indices µ, ν can not be lowered because metric have singularity at r = 0, and the Ricci tensor and scalar curvature contain the δ-function.
The main equation
Equation (17) is the main equation which is to be solved. The three-dimensional volume elementê on the left hand side is needed for covariance because δ-function is the scalar density with respect to coordinate transformations.
This equation is the simplest covariant second order differential equation for metric with the δ-function on the right hand side. In two dimensions in Weyl flat gauge, it reduces to the Poisson equation and yields the fundamental solution for two-dimensional Laplace operator. In higher dimensions it becomes nonlinear, and its solution is not known up to now. We believe that this equation may have its own applications in differential geometry which are not discussed here.
We are seeking spherically symmetric solutions of equation (17), and that is in agreement with the symmetry of the right hand side. Any spherically symmetric metric is Weyl flat, which means that there exists the coordinate system where the metric has the form (16). Then main equation (17) for the Weyl flat spherically symmetric metric takes the form △f − ∂f
is the flat Laplace operator and we introduced notation ∂f
Equation (20) (20) are not locally integrable, and hence a regularization of the appearing integrals is necessary. Though multiplication of functionals in D ′ is not defined in general, for some particular functionals, i.e. sufficiently smooth, the left hand side has nevertheless definite meaning.
We look for spherically symmetric solution of equation (20) in the spherical coordinate system r, θ, ϕ. Proof. We use the analytic regularization for the generalized function r λ , λ ∈ C [12] . For re λ > −3 the function r λ is locally integrable, and the functional
is defined for all test functions ϕ ∈ D(R 3 ) (smooth functions with compact support). This functional is analytically continued on the whole complex plane λ ∈ C except simple poles located on the real line λ = −3, −5, −7, . . . [12] . The poles does not matter because we do not fall into them in the considered case.
Consider the functional
depending on parameter ν ∈ C. Simple calculations show that the following identity holds
where prime denotes differentiation with respect to the radius. It is clearly well defined for re ν ≥ 1. This identity can be analytically continued to ν = −1 because we do not fall into the poles described above. As a result, we get the following expression for the second term on the left hand side of equation (20)
This equality is understood in the generalized sense after integration with test functions. Therefore equation (20) for the generalized function (21) takes the form
The function M/r is the unique fundamental solution of the Laplace equation decreasing at infinity (see., for example, [11] ):
The function M 2 /2r 4 is not locally integrable and requires regularization. We understand it as analytic continuation of the functional r λ to λ = −4, which is mentioned at the beginning.
The equality
is simply verified for re µ > 2. It remains valid also after analytic continuation to the point µ = −2. For µ = −2, it looks as follows
Thus, for analytic regularization, we attribute to the locally nonintegrable function 1/r
The last functional is well defined. We see that the nonlinear term on the left hand side of the equation (20) is canceled after integration with a test function
if the analytic regularization is used for the function M 2 /2r 4 . Equation (17) for a massive point particle was considered in [2] [3] [4] for Weyl Euclidean form of the metric. The authors used parameterization f := χ 2 and obtained nonlinear equation
which is equivalent to equation (20). They proposed the following solution
differing from that corresponding to solution (21) by the essential factor χ(0). This factor is obtained from the regularized (smeared) δ-function and depends on small parameter ǫ,
which is the "radius" of the regularized δ-function. In the limit ǫ → 0, solution (27) becomes trivial, χ = 1, and satisfies equation √ gR = 0 corresponding to a vacuum rather than to a point particle. So the solution proposed in [2-4] does not depend on mass M. The generalization of equation (26) for a charged massive particle interacting with electromagnetic field was also considered. In this case, the factor χ(0) becomes nontrivial, and the total mass of a particle is proportional to its charge. This effect is interpreted as the regularization of the self-energy of a point charge by gravitational interaction. To show the difference in the approaches, let us consider equation (26) for
which is different from (27). Substitution of this solution into equation (26) yields
Expression 1 r δ(x) is not defined. We define it as follows. Relation
can be easily verified for re λ > 3. We analytically continue it to the point λ = −1 where it can be rewritten as 1 r
For analytically regularized 1 r 4 the right hand side is zero, and we get relation 1 r δ(x) = 0 which is valid in a generalized sense. In other words, the relation r λ δ(x) = 0 which is valid for λ > 0 is analytically continued to the point λ = −1.
We see that solution (21) can be obtained either by solving equation (20) or (26). In both cases, we used the analytic regularization and get the same solution. Our solution (21) does depend on mass M. It is nontrivial for neutral particle and differs essentially from solution (27) considered in [2] [3] [4] .
Thus we have found the generalized solution of equation (20) in the space of functionals D ′ (R 3 ). For this solution the left hand side of the main equation is well defined. Unfortunately, we did not describe explicitly that subspace in D ′ (R 3 ), for which the left hand side of the main equation is defined in general. This question is complicated and related to the uniqueness of the obtained solution. We leave it for future work.
Last equations
We are left with equations (18) and (19) which are to be solved.
As for the case of equation (17), we cannot explicitly describe the subspace in D ′ (R 3 ) for which the nonlinear part of equation (18) is defined. Instead, we write down the solution in explicit form and check that all terms are really defined for it.
Theorem 4.1. Let three dimensional metric has the form (16) where the conformal factor is given by equation (21). Then lapse function
satisfies equation (18) in R 3 in a generalized sense.
Proof. The lapse function is positive for r > M/2 and negative for 0 < r < M/2. It has finite limit at zero, lim
and is infinitely differentiable for r > 0. Therefore the lapse function is locally integrable and lies in D ′ (R 3 ). One can easily verify that the Laplacian of the lapse function for r > 0 is equal to zero,△
Function N is continuous, and its derivatives have discontinuities at zero. Since N ∈ D ′ (R 3 ) then the weak derivatives are defined everywhere, and equalitŷ
is fulfilled in a generalized sense in the whole R 3 because the lapse function has finite limit at zero. This equality can be multiplied byêg µν because near zerô
Thus the first term on the left hand side of equation (18) is equal to zero in the generalized sense in the whole R 3 . One can verify that for r > 0 the following equality holdŝ
Hence we are left only with δ-functions which are contained in the Ricci tensor and scalar curvature. They do not cancel, and equation (18) Thus equation (18) is fulfilled.
We are left only with equation (19) for the point particle. Since
it is not satisfied. At this point, we invoke physical arguments. The right hand side of equation (15) is the force acting on the particle from the gravitational field which is produced by the particle itself. Therefore equation (15) is understood after averaging over a sphere surrounding a particle. Then it is fulfilled because of the spherical symmetry. In other words, a particle does not move under the action of its own gravitational field. The same situation happens in Newton's gravity and electrodynamics. For example, for gravitational potential ϕ = −1/r in Newton's theory, the force acting on a particle from its own gravitational field is equal to
and equations of motion are not satisfied. Nevertheless they are fulfilled after averaging over a sphere.
Relation to the Schwarzschild solution
Taking together the laps function (30) and the conformal factor for the three-dimensional space part of metric (21) we obtain the metric
It is the well known Schwarzschild metric in isotropic coordinates. Isotropic coordinates for the Schwarzschild metric are well known for a long time, see, i.e. [13] . The new result is not the Schwarzschild metric in isotropic coordinates (32), but the statement that it satisfies equations (17) and (18) with δ-type source. This fact has principal meaning and far reaching physical consequences. We shall see that gravitational attraction to the point mass M at large distances is replaced by repulsion at distances r < M/2. For M > 0, metric (32) is defined everywhere in R 4 except the world line of the origin of the spherical coordinate system:
Let us compare the Schwarzschild metric in isotropic coordinates (32) and the Schwarzschild metric in Schwarzschild coordinates [1]
The Schwarzschild radial coordinate is denoted here by ρ. The last metric is defined for 2M < ρ < ∞ (outside the horizon ρ s = 2M) and for 0 < ρ < 2M (under the horizon). It is asymptotically flat and tends to the Lorentz metric when ρ → ∞. It was obtained without δ-function source, and the constant M appears in it as the integration constant. From mathematical point of view, it may take arbitrary values M ∈ R. However, if we assume that the Schwarzschild solution describes the gravitational field outside a point particle, then comparison with the Newton gravitational law at large distances (see, i.e.
[13]) tells us that the integration constant M is the mass of a particle and therefore must be positive. The transformation of radial coordinate which brings metric (33) into the form (32) is well known
It is shown in Fig.1 . When radius r decreases from infinity to the critical value r * := M/2, the Schwarzschild radial coordinate decreases from ∞ to the horizon ρ s := 2M. Afterwards the radius ρ increases from ρ s to ∞ as the radius r decreases from r * to zero. Thus two copies of the Schwarzschild metric outside horizon 2M < ρ < ∞ are mapped on two distinct domains in R 3 : 0 < r < r * and r * < r < ∞. On the critical sphere r = r * they are smoothly glued together. The spatial part of the metric is not degenerate here. Note that area of a sphere surrounding a particle tends to infinity as it gets closer to it. This is related to the fact that components of the spatial part of the metric (32) diverge for r → 0. One can easily calculate the asymptotic of the zeroth component of the metric (32)
It is the same as for the Schwarzschild metric in the Schwarzschild coordinates. This is not surprising because ρ → r for r → ∞. It means that there is no problem with Newton's gravitational law for metric (32) because it is defined by the asymptotic at r → ∞. We see that point massive particle is located at that site where the Schwarzschild radial coordinate equals infinity. This phenomena may be called gravitational asymptotic freedom because near the particle, r = 0 ⇒ ρ = ∞ the space-time becomes asymptotically flat.
The determinant of metric (32) is equal to
Consequently, the metric is degenerate on the sphere of radius
which corresponds to the horizon ρ s = 2M for the Schwarzschild solution and on the z-axis (θ = 0, π). Degeneracy on the z-axis is related to the spherical coordinate system and location of a point particle at the origin of the coordinate system for z = 0. It is well known that all geometric invariants for the Schwarzschild metric constructed from the curvature tensor have no singularities on the horizon. Thus, we have no curvature singularities at the critical sphere r = M/2. Nevertheless, there is a problem.
To describe global structure of the obtained space-time we have to analyze behaviour of extremals (geodesics) for Schwarzschild solution in isotropic coordinates which describe motion of probe particles. The behavior of geodesics in Schwarzschild coordinates is well known and can be recalculated in isotropic coordinates. Therefore we mention here only some points of their qualitative behavior. The space-time at r = 0 (near the particle) and at r = ∞ (space infinity) is geodesically complete, because both regions correspond to infinite value of the Schwarzschild radial coordinate ρ = ∞. At critical value of the radius r = r * corresponding to the Schwarzschild radius ρ s geodesics are well known to be incomplete. It means that at r = r * the space-time in isotropic coordinates is geodesically incomplete, and we have to extend it. The best way for isotropic coordinates is to identify geodesics from outside and inside the critical sphere r * . Afterwards we would get geodesically complete space-time. The problem is how to do this in a mathematically consistent way. This is a hard problem, and we hope to address it in the future.
Another particular property of isotropic coordinates is that gravitational attraction at large distances changes to repulsion. It is clear because in Schwarzschild coordinates, probe particles always have acceleration directed towards horizon. It means that probe particles located inside the critical sphere move outside the center. Thus the gravitational attraction outside r * changes to repulsion in the region 0 < r < r * . As far as we know this is a novel feature of the obtained solution.
Conclusion
In the present paper, we prove that the Schwarzschild solution in isotropic coordinates satisfies the system of Einstein's and geodesic equations for a point massive particle. Nontrivial energy-momentum tensor appears on the right hand side of Einstein's equations which is proportional to three-dimensional δ-function. Rewriting the Schwarzschild solution in isotropic coordinates is by itself a student's problem. The result of the paper is that we attribute mathematical meaning for Einstein's equations with δ-type source and provide explicit solution.
The mass M appears in the Schwarzschild solution as an integration constant and may be arbitrary. In our approach, the mass M of a point particle enters the action from the very beginning.
The obtained solution is isometric to Einstein-Rosen bridge [14] . In the original paper, the bridge was attributed to an elementary particle which in our notations corresponds to the critical sphere r = r * . The space-time is described by two sheets. We have shown that the particle described by a δ-function is located not at r = r * , but at geodesically complete "infinity" of one of the sheets corresponding to r = 0. Geodesically complete infinity of the second sheet lies at infinity r = ∞ and corresponds to asymptotically flat space-time. Both sheets are glued together at the critical sphere r = r * where metric becomes degenerate and gravitational attraction at large distances is replaced by repulsion at small distances. This effect is of primary importance and makes us to reconsider our approach to many gravitational phenomena.
At present, the Einstein-Rosen bridge has another interpretation. Two sheets are considered as two different universes which are connected by a worm hole at r = r * . It was noted recently [15] that nontrivial energy-momentum tensor appears on the right hand side of Einstein's equations at r * . In our approach, the right hand side of Einstein's equations is equal to zero at r = r * . The difference comes from choosing the solution to equation N 2 = g 00 . For a given metric we chose solution (30) which is positive for r > r * and negative at r < r * . The other solution |N| is chosen in [15] , the modulus sign resulting in the appearance of the singularity on the right hand side of Einstein's equations at r = r * .
The obtained space-time is topologically four-dimensional Euclidean space with removed world line of the particle r = 0. This space-time is geodesically complete at r → ∞ as well as at r → 0. At the critical sphere r * geodesics are incomplete. The problem of how to continue them remains open.
The effect of the transformation of gravitational attraction into repulsion is the straightforward consequence of Einstein's equations and leads to many questions. For example, how can a black hole be formed if particles cannot come close one to another ? One can make a lot of speculations at this point but we do not consider them here.
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